1. Introduction. Let a compact Lie group G act effectively on a compact connected symplectic manifold M with a moment map : M → g * . When 0 is a regular value of the moment map, the symplectic quotient (reduced space) M red := −1 (0)/G is an orbifold and its rational cohomology ring is fairly well understood (see [GK] The main result of this paper is two explicit formulas for the intersection cohomology (as a graded vector space with pairing) of the symplectic quotient by a circle in terms of the S 1 equivariant cohomology of the original symplectic manifold and the fixed-point data. More precisely, these formulas depend on the image of the restriction map in equivariant cohomology from the original manifold to the fixed-point set, H * S 1 (M; R) → H * S 1 (M S 1 ; R). Additionally, we show that the intersection cohomology of the reduced space admits a compatible ring structure.
Theorem 1. Let the circle S 1 act on a compact connected symplectic manifold M with moment map : M → R so that 0 is in the interior of (M) The meaning of the right-hand side is as follows: the map i * F is the restriction to F ; the equivariant cohomology ring H * S 1 (F ) is naturally isomorphic to the polynomial ring in one variable H * (F ) [t] . The equivariant Euler class e F is invertible in the localized ring H * (F )(t); thus, i * F (α)/e F is an element of this ring. The integral F : H * (F )(t) → R(t) acts by integrating each coefficient in the series. Finally, Res 0 denotes the operator that returns the coefficient of t −1 .
Our convention is that the pairing in intersection cohomology between two classes α ∈ IH p (M red ) and β ∈ IH q (M red ) is zero if p + q = dim(M red ) = dim M − 2.
Note that since κ is surjective, this theorem determines the pairing for all pairs of elements in IH * (M red ). Additionally, by Poincaré duality in intersection cohomology, it determines the kernel of κ.
We now provide an alternate version of our main result.
Theorem 1 . Let the circle S 1 act on a compact connected symplectic manifold M with moment map
: M → R so that 0 is in the interior of (M). Let M red := −1 (0)/S 1 denote the reduced space. Then there exists a ring structure on the intersection cohomology IH * (M red ; R) so that we have the following:
• The ring structure on IH * (M red ) is compatible with the pairing, in the sense that there exists an isomorphism from the top-dimensional intersection cohomology to R so that α · β = α, β for all α, β ∈ IH * (M red ).
• As a graded ring, IH * (M; R) is isomorphic to H * S 1 (M; R)/K, where
Here, Ᏺ + denotes the set of components F of the fixed-point set M S 1 such that either (1) (F ) > 0 or (2) (F ) = 0 and index F ≤ (1/2)(dim M − dim F ), where the index of F is the dimension of the negative eigenspace of the Hessian of the moment map at a point of F . Conversely, Ᏺ − denotes the set of all other components of the fixed-point set.
In principle, these two formulas for the intersection cohomology give almost exactly the same information. We include both, because, in practice, one or the other might be better suited to tackle a particular problem.
We prove these two theorems simultaneously. First, we construct an orbifold M red , which we call the perturbed quotient. The perturbed quotient is a small resolution of the symplectic quotient; thus, as a graded vector space with pairing, IH * ( −1 (0)/S 1 ) is isomorphic to H * ( M red ).
The construction of the perturbed quotient is fairly straightforward. The singularities of the reduced space M red := −1 (0)/S 1 correspond to components Y of the fixed-point set M S 1 lying on the zero level set −1 (0). In the setting of projective varieties, it is known that the neighborhoods of these singularities have small resolutions [H] . 1 Although these resolutions are only local, it is possible to piece them together into a global resolution.
We construct the perturbed quotient M red as the quotient of the zero fiber of a perturbation˜ : M → R of the original moment map: M red =˜ −1 (0)/S 1 . By construction the map˜ is Morse-Bott, and its critical points are exactly the fixed points of the action of S 1 on M. Hence, the standard techniques used to compute the cohomology of symplectic quotients can also be applied to compute the cohomology of the perturbed quotient.
In Section 2 we define the notion of a simple stratified space and introduce a complex of intersection differential forms which computes the intersection cohomology of a simple stratified space. In Section 3 we describe the structure of a neighborhood the zero level set for an S 1 moment map and show that the reduced space at zero is a simple stratified space. In Section 4 we construct the perturbed quotient, and show that it is a small resolution of the reduced space at zero, and compute its cohomology. In the last section we construct explicitly an isomorphism in the derived category between the de Rham complex on the perturbed quotient and the complex of the intersection forms on the reduced space.
In this paper we define intersection cohomology via the complex of intersection differential forms due to Goresky and MacPherson (see §1.2 of [GM] ), except that we allow the strata to be orbifolds and only consider simple stratified spaces.
Recall that an open cone on a topological space L is the space
where
Definition 2.1. A simple stratified space is a Hausdorff topological space X with the following properties.
• The space X is a disjoint (set-theoretic) union of even-dimensional orbifolds, called strata.
• There exists an open dense oriented stratum X r , called the top stratum.
• The complement of X r in X is a disjoint union of connected orbifolds, X X r = Y i , called the singular strata.
• For each singular stratum Y there is a neighborhood T of Y in X and a retraction map π : T → Y which is a C 0 fiber bundle with a typical fiber • There exists a diffeomorphism from the complement T Y to Q × (0, 1), where Q → Y is a C ∞ fiber bundle of orbifolds with typical fiber L, such that the following diagram commutes:
In particular, π : T Y → Y is a smooth fiber bundle of orbifolds with a typical fiber L × (0, 1). Thus, we write a simple stratified space X as a decomposition X = X r Y i together with a collection of maps {π i : T i → Y i }. A simple stratified space is a stratified space with oriented even-dimensional orbifold strata of depths 0 and 1 only. If all the strata of a simple stratified space X are manifolds, then X is a pseudomanifold.
Remark 2.2. Note that the composite
is the obvious projection, extends to a continuous map r : T → [0, 1).
Definition 2.3 (Cartan filtration of forms relative to a submersion).
Let π : E → B be a smooth submersion of orbifolds. The Cartan filtration F k * (E) of the complex of forms * (E) on E is given by 
The intersection cohomology IH * p (X) of the simple stratified space X with perversityp is the cohomology of the complex (I * p (X), d).
We now define the pairing on the middle perversity intersection cohomology of a compact simple stratified space X.
(X) has compact support. Therefore, since the top stratum X r is oriented, there is a well-defined integration map :
is also compactly supported. Thus, in this case, integration descends to a well-defined map on cohomology : IH dim X r p (X) → R; we extend this by zero to a map : IH * p (X) → R. Given α and β in I * m (X), notice that α ∧ β ∈ I 2m (X), where 2m is twice the middle perversity. This follows from this property of the Cartan filtration: for
3. The structure of the symplectic quotient. In this section, we recall a normal form for neighborhoods of fixed points on symplectic manifolds with Hamiltonian circle actions. Using this, we give a normal form for neighborhoods of the singularities in a symplectic quotient. In particular, we show that the quotient is a simple stratified space.
This last statement is a special case of a theorem of Sjamaar and Lerman [SL] , who show that every symplectic quotient by a compact Lie group is a stratified space. Note, however, that in [SL] the stratification is by orbit type, whereas here we use the slightly coarser stratification by infinitesimal orbit type.
Let a circle act on a symplectic manifold M in a Hamiltonian fashion with a moment map : M → R. Recall that the symplectic quotient (also known as the reduced space) is M red := −1 (0)/S 1 . If 0 is a regular value for , then the quotient is a symplectic orbifold. More generally, is regular on M M S 1 , and
is an orbifold; this is the top stratum. Moreover, since the restriction of the symplectic form on M to −1 (0)∩(M M S 1 ) descends to a symplectic form on M r red , the latter is naturally oriented.
The moment map is constant on each component of the fixed-point set M S 1 . Thus, every component Y of the fixed-point set that intersects the zero level set −1 (0) is entirely contained in the level set −1 (0) and gives rise to a stratum of M red diffeomorphic to Y . To see how these strata fit together, we need the following lemma. • a faithful unitary representation ρ :
This diffeomorphism is equivariant with respect to the circle action on P × G C k+l induced by ρ. The diffeomorphism pulls back the moment map to the map µ :
Proof. Let T Y and T M denote the tangent bundles of Y and M, respectively. Consider the symplectic perpendicular bundle
So E is the normal bundle of Y , and E is a symplectic vector bundle. The group S 1 acts on the bundle E by fiber-preserving vector bundle maps. We may choose an S 1 invariant complex structure on E compatible with the symplectic structure. Up to an equivariant homotopy, this complex structure is unique.
The codimension of Y is 2n, where n = k + l. A fiber C n of E splits into the direct sum C⊕· · ·⊕C of one-dimensional representations of S 1 , so that the action of λ ∈ S 1 on the ith summand is given by multiplication by λ κ i for some weight κ i ∈ Z. Under the above identification of the fiber of E with C n , the symplectic structure is the imaginary part of the standard Hermitian inner product. Hence, a moment map for the S 1 action on the fiber is
The structure group of the vector bundle E reduces to the subgroup of U (n) consisting of transformations that commute with the action of S 1 described above. Con-
The equivariant symplectic embedding theorem (see, for example, Theorem 2.2.1 in [GLS] and the subsequent discussion) implies that we may identify a neighborhood of the submanifold Y in M with a neighborhood of the zero section of E in such a way that a moment map µ : E → R is given by
Thus, it is clear that the number of negative weights is l, which is half the index of , and that the number of positive weights is k. So we may assume that κ 1 , . . . , κ k > 0, whereas κ k+1 , . . . , κ k+l < 0.
We now use Lemma 3.1 to show that the reduced space M red is a simple stratified space. 
Proof. It follows from Lemma 3.1 that the zero level set −1 (0) near Y is isomorphic to the zero level set of the model map µ :
and the lemma follows. 4. The perturbed quotient. In this section we construct an orbifold M red , which we call the perturbed quotient, together with a map f : M red → M red . These objects have two key properties: it is straightforward to explicitly compute the cohomology ring of M red ; and the map f is a small resolution and thus induces a pairing-preserving isomorphism between the cohomology ring of the perturbed quotient and the intersection cohomology (middle perversity) of the reduced space.
The key idea. The key idea that makes this work is this observation (due to Hu [H] ): Assume that 0 is a singular value of an S 1 moment map : M → R and that 0 lies in the interior of the image (M). Then, for each component Y of the fixed-point set M S 1 with (Y ) = 0, for either all small positive or all small negative , there is a neighborhood U of Y in M such that there is a natural isomorphism
Whether equation (4.1) holds for negative or positive depends on whether the index of the moment map at Y is at least or at most the index of − . If these signs are all the same for different fixed-point sets Y in the zero level set −1 (0), then there is = 0 so that −1 ( )/S 1 is a global small resolution of M red . (In fact this is what Hu assumed.) However, it is easy to construct examples where the signs are different. We fix Hu's mistake by constructing a perturbed moment map˜ : M → R which, like , is a Morse-Bott function, and has exactly the fixed points of the action of S 1 on M as critical points. It also has the following property: there exists > 0 such that the level −1 (0) agrees with −1 ( ) near fixed-point components with large Morse index and −1 (0) agrees with −1 (− ) near fixed-point components with small Morse index (see Figure 1) . Moreover, we construct an S 1 equivariant map˜ −1 (0) → −1 (0), which induces a small resolution f :
To understand why equation (4.1) is true, let us consider a simple special case. Suppose a component Y of the fixed-point set is an isolated point p and that the action of S 1 in a neighborhood of p is free away from p. Then, by the equivariant Darboux theorem, a neighborhood of p is equivariantly symplectomorphic to a neighborhood of 0 in C k ×C l with the standard symplectic form and with the action of S 1 given by Figure 1 . The zero fiber of the perturbed moment map˜ . The fat dots denote the critical manifolds of the moment on −1 (0).
for λ ∈ S 1 , (z, w) ∈ C k × C l (the weights of the representation of S 1 are ±1 because we assume that the action is free away from 0). A corresponding moment map is given by (z, w) = |z| 2 − |w| 2 .
Hence,
which is a cone on a sphere bundle over the projective space CP k−1 . Similarly,
Assuming that > 0, we have an S 1 -equivariant diffeomorphism
which is a rank l complex vector bundle over the projective space CP k−1 . Similarly
which is a rank-k complex vector bundle over the projective space CP l−1 . It is straightforward to check that
which is exactly the content of equation (4.1). Notice also that there are two blow-down maps
and
which map the zero sections of the vector bundles to the vertex of the cone. If k ≤ l, then the first map is a small resolution in the sense of Definition 4.3; if k ≥ l, then the second map is a small resolution. Thus, equation (4.2) also follows from the fact that small resolutions induce isomorphisms in intersection cohomology (cf., [GM, p. 121] ). Finally note that the two blow-down maps are induced by an S 1 equivariant map from −1 ( ) to −1 (0). This map is constructed as follows: the complex linear action of S 1 on C k × C l extends to an action of C × , which gives us an action of R × : λ · (z, w) = (λz, λ −1 w) for λ ∈ R × and (z, w) ∈ C k × C l . If a point (z, w) lies in −1 ( ) and z = 0 = w, then there is a unique λ ∈ (0, ∞) with λ · (z, w) ∈ −1 (0). We then map (z, w) to λ · (z, w). If either z = 0 or w = 0, we map (z, w) to (0, 0). This is the desired map that induces the blow-down maps discussed above. In the next subsection we carry out these constructions in full generality.
The construction Definition 4.3. Let X = X r Y i be a simple stratified space. A resolution h : X → X is a continuous surjective map from a smooth orbifoldX, such that h −1 (X r ) is dense inX and h : h −1 (X r ) → X r is a diffeomorphism. A resolution h :X → X is small if and only if for all r > 0 
Definition 4.5. We call the subquotient M red :=˜ −1 (0)/S 1 the perturbed quotient.
The first three properties of˜ guarantee that the perturbed quotient M red is an orbifold, and that it is possible to compute the cohomology ring H * ( M red ) in a fairly straightforward manner. This is treated explicitly in the next subsection.
Remark 4.6. We see no reason to suspect that the perturbed quotient possesses a symplectic structure.
Proof of Lemma 4.4. By Lemma 3.1 for each connected critical manifold Y of in −1 (0), there is a neighborhood U of Y in M that is equivariantly isomorphic to a neighborhood of the zero section in the model
Let V + and V − be the positive and negative weight spaces for the action of S 1 on C k+l . We may define G×S 1 invariant norms on V + and V − by |z + | 2 = k i=1 κ i |z i | 2 for all z + ∈ V + , and by |z − | 2 = n i=l+1 −κ i |z i | 2 for z − ∈ V − . We may assume that the neighborhoods U for distinct critical manifolds do not intersect. Furthermore, there exists δ > 0 so that 0 is the only critical value of in (−δ, δ) and that each neighborhood U is the image of the set
Therefore, we simply give our construction on the vector space V + × V − . As long as our definition of˜ and f are G-invariant, this construction can be naturally extended to the local model. Additionally, as long as˜ = and f is the identity outside the set {(z + , z − ) | |z + | 2 + |z − | 2 < 3δ}, they can be extended globally by taking˜ = and f = id outside of these neighborhoods U .
Choose a smooth function ρ : R → R such that ρ(t) = 1 for all t < δ, ρ(t) = 0 for all t > 2δ, and ρ (t) ≤ 0 for all t. Let C = sup |ρ (t)|. Choose ∈ R so that = 0, | | < C −1 , | | < δ, and > 0 if and only if dim V + ≥ dim V − . We now define our new function˜ as
is G×S 1 -invariant by construction (see Lemma 3.1, Proposition 3.2, and subsequent discussion). Therefore, the function ρ(|(z + , z − )| 2 ), and hence also the function˜ , is
is a nondegenerate critical point, and
is the only critical point of˜ , because
and |1 ± ρ (t)| ≥ 1 − | |(sup |ρ (t)|) > 0, since | |(sup |ρ (t)|) < 1 by the choice of . It follows that˜ is a Morse-Bott function, and that 0 is a regular value of˜ (sincẽ (0, 0) = = 0). We now construct a resolution f : M red → M red . We start by considering a G×S 1 -equivariant map ψ :
We let f : M red → M red be the G-equivariant map induced by the restriction
To prove that f is a resolution, it is enough to show that 0) } is oneto-one and onto. Therefore, it remains to prove that dψ| T (˜ −1 (0) ψ −1 (0,0) ) is one to one, or, equivalently, that for any
By (4.8), the kernel of dψ at (z + , z − ) is spanned by the vector
A dimension count shows that the map f constructed above is a small resolution. This finishes the proof of Lemma 4.4.
The following lemma is needed in Section 5. • an even-dimensional orbifold vector bundle E → N over a compact orbifold N with a sphere bundle L → N such that
• an action of G on E by vector bundle maps;
• an isomorphism from a neighborhood of the vertex section of the cone; bundle
• an isomorphism from a neighborhood of the zero section of the vector bundle :
commutes. Here, the map h is induced by the natural blow-down map
It is no loss of generality to assume that dim V + ≥ dim V − . Then, by construction, the set˜ −1 (0) near Y is S 1 -equivariantly diffeomorphic to an open subset of −1 (− ) for some small > 0. Now,
and similarly
The set {(z + , z − ) ∈ V + × V − | |z + | 2 + = |z − | 2 }/S 1 is the desired orbifold vector bundle E, and the set {(z + , z − ) ∈ V + × V − | |z + | 2 = |z − | 2 }/S 1 is the cone bundle on the sphere bundle of E.
, an orbifold vector bundle over the weighted projective space S − /S 1 . One the other hand, by a similar argument,
Cohomology of the perturbed quotient. We can now compute the cohomology of the perturbed quotient by adapting techniques used to compute the cohomology ring of a symplectic quotient at a regular value.
We begin by reviewing those techniques. Let a circle S 1 act on a compact connected symplectic manifold M with a moment map . Assume that 0 is a regular value. There is a natural restriction from H * S 1 (M; R) (the equivariant cohomology of M) to H * S 1 ( −1 (0); R) (the equivariant cohomology of the preimage of 0). Since 0 is a regular value, the stabilizer of every point in −1 (0) is discrete. Therefore, there is a natural isomorphism from H * S 1 ( −1 (0), R) to H * (M red ), the ordinary cohomology of the symplectic quotient M red := −1 (0)/S 1 . The composition of these two maps gives a natural map, κ :
Theorem 4.10 (Kirwan, [Ki1] ). Let a circle S 1 act on a compact connected symplectic manifold M with a moment map so that 0 is a regular value. The Kirwan map κ :
is surjective. Thus, assuming we know the ring structure on H * S 1 (M), the ring structure on H * (M red ) can be computed from the kernel of κ. By Poincaré duality, in order to compute the kernel it is enough to compute the integral of κ(α) over the reduced spaces for every equivariant cohomology class α on M. We take one formula for this integral from Kalkman [Ka] ; slightly different but morally equivalent formulas were proved by Wu [Wu] , and a more general version by Jeffrey and Kirwan [JK] . See also [GK] . All of these results were inspired by a paper of Witten [Wi] . Given an equivariant cohomology class α ∈ H * S 1 (M), the integral of κ(α) over M red is given by the formula
where e F denotes the equivariant Euler class of the normal bundle of F .
The right-hand side of this formula requires some explanation. The map i * F is simply the restriction to F . The equivariant cohomology ring H * S 1 (F ) is naturally isomorphic to H * (F ) [t] . The equivariant Euler class e F is invertible in the localized ring H * (F )(t); thus, i * F (α)/e F is an element of this ring. The integral F : H * (F )(t) → R(t) acts by integrating each coefficient in the series. Finally, Res 0 denotes the operator that returns the coefficient of t −1 .
An alternate method of computing the kernel is given by a theorem of Tolman and Weitsman.
Theorem 4.12 (Tolman and Weitsman [TW] ). Let the circle S 1 act on a compact connected symplectic manifold M with a moment map : M → R so that 0 is a regular value.
Let Ᏺ + denote the set of components F of the fixed-point set such that (F ) > 0; let Ᏺ − denote the set of components F of the fixed-point set such that (F ) < 0. Define
The kernel of the Kirwan map is K + ⊕ K − .
In our case, closely analogous propositions are true. 
Conversely, Ᏻ − denotes the collection of all other components of the fixed-point set.
Proof. The reason that this proposition is true is that the perturbed quotient M red is defined in a way very similar to the ordinary reduced space. Thus, for example, Kalkman's formula follows from the fact that there exists a smooth invariant functioñ : M → R so that 0 is a regular value and M red is defined to be˜ −1 (0)/S 1 . Kalkman's proof relies only on the fact that˜ −1 ([0, ∞) ) is a manifold with boundary. Thus, one only needs to note that Ᏻ + does indeed correspond to the components G of the fixed-point set such that˜ (G) > 0. To see that κ :
is surjective, and the Tolman and Weitsman formula for the kernel of κ holds, we must also use the fact that˜ is a Morse-Bott function and that the critical points of˜ are exactly the fixed points of the action. This is sufficient to prove both theorems, as was pointed out in [TW] .
Combining Proposition 4.13 with Lemma 4.4 and the fact that small resolutions induce isomorphisms in cohomology (cf. [GM, p. 121 ]), we now obtain the main results of the paper: Theorem 1 and Theorem 1 .
The isomorphism.
The goal of this section is to construct explicitly an isomorphism between the intersection cohomology of a singular symplectic quotient and the ordinary cohomology of the perturbed quotient. This section is not, in the strictest sense, necessary. However, we include the proof below for two reasons. First, it is conceptually simple and fairly elementary. Second, the techniques used in the proof are useful in computing the intersection cohomology of singular symplectic quotients of torus actions. 
Instead of trying to construct the isomorphism between the intersection cohomology of the reduced space and the (ordinary) cohomology of the perturbed quotient directly, we introduce a new complex Definition 5.2. Let f :X → X be a resolution of a simple stratified space. Let X r be the top stratum of X, letX r be its preimage f −1 (X r ), and let ι :X r →X denote the inclusion. By construction, there are maps of complexes f * : I * m (X) → * (X r ) and ι * : * (X) → * (X r ). We define the complex of resolution forms to be
Note that f * and ι * are both injective. Therefore, we may think of a resolution form as an intersection form on X r that extends to a globally defined form onX. This gives us the inclusions of complexes A * m (X) → I * m (X) and A * m (X) → * (X), which induce maps in cohomology j :
Note that the graded vector space H * (A m (X)) has a pairing defined by taking the exterior product of the representatives of the classes and then integrating the product overX. Clearly, the maps i and j are pairing-preserving. Thus, to prove Theorem 5.1 it is enough to show that the maps i and j are isomorphisms.
Local issues. We start with a simple calculation.
Lemma 5.4. Let E → N be an even-dimensional orbifold vector bundle over an orbifold N , and let L denote the sphere bundle of E. Then the obvious blow-down
induce isomorphisms in cohomology.
Proof of Lemma 5.4. Note first that the middle perversity of the vertex * of the cone
is a stratified space with two strata: the vertex * and the complement L × (0, ∞) E N.
It follows from the definitions that
Consequently,
Its not hard to check that if α is a closed k form on the cylinder L × (0, ∞) that vanishes on L × (0, a) for some a, then α = dβ for some k − 1 form β which also vanishes on L × (0, a). It follows that for q ≤ m( * ) the map
Similarly,
0, for q > m( * ).
Consider the Gysin sequence
an isomorphism. In particular, the pull-back is an isomorphism for q ≤ m( Proof. Let ᐁ = {U α } be the cover of M red constructed in the proof of Proposition 5.5. One can construct a continuous partition of unity ρ α subordinate to the cover ᐁ with the following properties.
• The functions ρ α restrict to smooth functions on M r red .
• The functions ρ α are constant along the fibers of π : T → Y on some neighborhood of every singular strata Y .
These properties ensure the following:
• {f * ρ α } is a partition of unity on M red subordinate to the cover {f −1 (U α )} of M red .
• For any intersection form γ ∈ I * m (M red ) or resolution form δ ∈ A * m , the products ρ α γ and (f * ρ α )δ are in I * m (M red ) and A * m , respectively. The proof is now a standard spectral sequence argument.
This completes the proof of Theorem 5.1. By combining Theorem 5.1 with Proposition 4.13 we obtain the main results of the paper, Theorems 1 and 1 .
